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Oscillon formation as an initial pattern state

Arik Yochelis, Barak Galanti, and Zeev Olami
Department of Chemical Physics, The Weizmann Institute of Science, Rehovot 76100, Israel

~Received 28 April 1999!

Following Venkataramani and Ott@Phys. Rev. Lett.80, 3495~1998!#, we consider oscillons~local excita-
tions! as spatiotemporal subcritical bifurcation phenomena. We show in a series of numerical experiments that
the appearance of oscillons is highly dependent on the initial pattern state. This finding has led to a new
patterning mechanism. In this Brief Report we describe the instabilities that govern the mutual interaction of
oscillons/extended patterns.@S1063-651X~99!01011-9#

PACS number~s!: 47.54.1r, 05.45.2a, 45.05.1x, 81.05.Rm
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A recent series of interesting experimental works on v
tically vibrated granular materials@1,2# has attracted theoret
ical attention. One of the most interesting concerns relate
locally excited structures termed oscillons@1#. These struc-
tures are hysteretic and pinned, in contrast to localized st
tures in vibrated liquids@3#. A number of models have bee
developed to describe oscillons, using the dynamics of o
parameters in continuous amplitude equations@4,5# or exten-
sions of the Swift-Hohenberg equation@6#. Other models fo-
cused on the microscopic physics with a continuu
mechanical approximation@7# or with a nearest interaction
approximation@8#. Yet, it seems that the essential concept
oscillons can be represented as a ‘‘universal’’ phenome
of dynamical systems; this was proposed by Venkataram
and Ott@9#, who suggested that oscillon formation is due
a subcritical period doubling bifurcation. In this Brief Re
port, we show that grid oscillon formation depends stron
on the initial amplitudes, and correlations, in the syste
Furthermore, we verified that the critical ingredient in th
type of oscillon formation is short range interactions betwe
lattice points.

Venkataramani and Ott argued that generic spatially
tended dynamical systems with subcritical period doubl
reproduce the behavior of vibrated granular media. The
plitude at a grid point is represented as a scalar fieldjn(x) at
position x. The first ingredient in the difference equation
the temporal subcritical period doubling mappingM,

jn8~x!5M @jn~x,r !#52~r j1j3!exp~2j2/2!, ~1!

where r is the bifurcation parameter. Next, Venkatarama
and Ott introduced a spatial operatorjn11(x)5L@jn8(x)#,
which is essential for patterning at a preferred spatial sc
In Fourier spaceL reads as

j̄n11~k!5 f ~k!j̄n8~k!5$f~k!exp@g~k!#%j̄n8~k!. ~2!

Note thatM and f were not derived from physical conside
ations of microscopical dynamics in vibrated granular s
tem. For an isotropic system,

g~k!5
1

2 S k

k0
D 2F12

1

2 S k

k0
D 2G , ~3!

f~k!5sgn~kc
22k2!, ~4!
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where k5uku and kc.k0. The essential ingredient in Eqs
~3,4! is the existence of a dominant unstable wavelength.
used similar equations withoutkc and with different spectra
shapesg(k) in the exponent and obtained similar results.

The bifurcation diagram~Fig. 1! of map M displays the
stable~solid line! and the unstable~dotted line! branches of
the dynamical behavior. As long asr ,r a , any initial condi-
tion converges to the uniform nonoscillating state~zero!. For
r a,r ,r b , the system undergoes a subcritical period do
bling. We refer to branches of unstable fixed points~dotted
lines! as a thresholdjc , which separates the two stab
states. For initial conditions in whichj0(x…PV, the system
converges to the flat state and stays there, while for
j0(x…PS the system converges to a period 2 state and m
tains its oscillation. The existence of a separatrix~dotted
line! means that the dynamics of the pattern may be stron
influenced by the initial amplitude of the pattern at each g
point. This branch is defined as a critical thresholdjc .

When some of the pointsj0(x… are inV while others are
in S, the exact fate of a system will be determined by t
spatial operatorf (k). This term induces the pattern forma
tion of the oscillatory branch. One would expect to see o
of three possible patterns. If all sites~grid points! are inV,
the spatial operation can be neglected and the pattern sh
decay to a flat state. For the mixed state~with sites also in
S), one can expect to observe a stable extended state, l
ized structures, or even a flat state.

Indeed, in numerical experiments with a variety of ra

FIG. 1. Schematic bifurcation diagram of the subcritical regi
near period 2, based on Eq.~1!.
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dom extended initial patterns, we observed the follow
three stable families of patterns: spatially uniform state;
tended labyrinth patterns@Fig. 2~a!#; oscillons@Fig. 2~b!#. All
patterns displayed in this report were generated with par
etersr 50.58, (kc /k0)251.7. If all sites were inV, the pat-
tern was flat; if the initial pattern was mixed, either oscillo
or labyrinth patterns were observed. We also confirmed
the basic length scale in the pattern isl052p/k0.

Our previous arguments do not tell us if there is any
lationship between extended, flat, and oscillon states. Is
oscillon state stable with respect to extended or flat sta
To answer this question we simulated various initial con
tions. We started with a single circular excitation inS with
diameter l and j(x).jc . When l,lmin , where lmin
'O(l0/4), the initial patch decayed to a uniform state d
to the smearing effect of thef (k) multiplication. If the scale
was abovelc , wherelc'l0, a stable extended state grad
ally appeared. Whenlmin,l,lc , a competition between
the smearing and stabilization effects gave rise to a th
state of localized structures~i.e., oscillons; Fig. 3!.

To investigate further the gradual appearance of the
tended state, we introduced noise to both the radius and
intensity ~amplitude! of our previous circular patch. We
started by adding single random distributed excitation w
noise h to the intensity@having a standard deviations~h!

FIG. 2. Two different initial patches produced different fin
patterns.~a! Extended labyrinth.~b! Distribution of discrete oscil-
lons. Patterns generated with parametersr 50.58, (kc /k0)251.7.

FIG. 3. Period-2 localized structure, i.e., oscillon. Parameter
in Fig. 2.
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s~h!50.2j#, and a variation of 0.2l to the diameter@Figs.
4~a! and 4~b!#.

Whenl.lc , the initial excitation first formed oscillons
@Fig. 4~c!# that finally collapsed to a labyrinth core patch~see
also Ref.@6#!. The expansion of the labyrinth pattern wa
followed by the nucleation phenomenon discussed in R
@8#. The core labyrinth pattern expands in time to the en
lattice @Fig. 4~d!#. From additional simulations we observe
that though the final oscillon structure was independent
the initial form of the excitation, the labyrinth pattern d
pended on the initial state. If the initial excitation was wit
out noise and had widthl.lc , the core expanded sym
s

FIG. 4. Variety of patterns obtained in our numerical expe
ments with local initial excitation at the center of the grid.~a! Sche-
matic diagram of initial excitation~cross section!. jc andlc are the
critical scales of the amplitude and width, respectively.~b! A ran-
dom core withl.lc andj.jc . ~c! Formation of oscillons inside
the core regions~nucleation!. ~d! Expansion of the core to labyrinth
stripes. ~e! Period-2 target pattern under symmetric initial tw
dimensional excitation~Gaussian!. Parameters as in Fig. 2.
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metrically to form a target pattern@Fig. 4~e!#. The outer rings
formed with a transient nucleation state in which oscillo
could be observed, eventually becoming smooth circu
rings. For a nonsymmetrical initial structure a striped patt
appeared@Fig. 4~d!#.

We also investigated the interaction between oscillons
reveal the mechanism of the aforementioned behavior.

FIG. 5. ~a! Schematic diagram of the initial excitation~cross
section!. The excitation was built from two Gaussian distributio
~dotted line!; the solid line displays their sum.~b! A top view of the
pattern. After a few iterations the pattern began to expand.~c! After
additional iterations labyrinth expansion was obtained. Parame
as in Fig. 2.
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use the following scales:O(jc) on excitation intensities and
O(lc) on excitation width for the numerical experimen
generated. We introduced two Gaussian excitations wit
similar phase and varied the distance between them. T
was a critical distance for the instability of the oscillo
states. This critical distance was limited by the demand t
the amplitude of the saddle point must be belowjc . When
the amplitude was below this value the oscillon states p
sisted. As the distance between the excitations decreased
oscillon complex became wider thanlc @Fig. 5~a!#. This in-
stability is a simple outcome of the mechanism discus
here, and differs from the proposed mechanisms given
other authors@5–8#. Thereby, such excitations became u
stable and a labyrinth/stripes of period 2 expanded thro
the pattern as shown in Figs. 5~b! and 5~c!.

In conclusion, when the pattern has a random exten
initial distribution and values within theS regime, there is a
higher probability of obtaining a labyrinth than obtainin
oscillons. This is due to the interaction along the patte
defined by thef (k) term. The labyrinth pattern is mor
stable, in the sense that interaction between the oscillons
the labyrinth favors labyrinth expansion. Furthermore, a
cal labyrinth patch will always lead to a full labyrinth pa
tern. We describe a very different qualitative mechanism
oscillon formation and interaction, from that described
@5–8#. Initial excitations are an important ingredient in pa
tern evolution.

To summarize, in this model@9# oscillons are generic pat
tern structures that arise due to general considerations, w
out taking into account any physical microscopic dynami
Other models@5,6,8# stress the parametric spaces of the
cillon stability while in @7# the inelasticity of intergranular
interaction collisions is taken into account. From our fin
ings, we determine that the final fate of the pattern lies in
initial excitation rather than in details of the model. Ther
fore, the interest in this minimal model might extend beyo
granular vibrated materials.

We thank I. Procaccia for discussions on the subject
L. Stone and H. Bhasin for their help in revising the man
script.
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